Magnetization plateaux emerging in quantum spin systems due to spontaneously breaking of translational symmetry have been reported both theoretically and experimentally. The broken symmetry can induce reconstruction of elementary excitations such as Goldstone and Higgs modes, whereas its microscopic mechanism and reconstructed quasi-particle in magnetization-plateau phases have remained unclear so far. Here we theoretically study magnetic excitations in the magnetizationplateau phases of a frustrated spin ladder by using dynamical density-matrix renormalization-group method. Additionally, analytical approaches with perturbation theory are performed to obtain intuitive view of magnetic excitations. Comparison between numerical and analytical results indicates the presence of a reconstructed quasi-particle originating from spontaneously broken translational symmetry, which is realized as a collective mode of spin trimer called trimeron.
I. INTRODUCTION
Various quantum spin systems with frustration have been studied because of emerging their exotic characters such as quantum spin liquid at zero temperature and quantization of magnetization with spontaneously broken translational symmetry. Actually, gapless quantum spin liquid states and gapped quantized states of magnetization have been reported not only theoretically but experimentally [1] [2] [3] [4] . These states are often induced by frustration, and are switchable by applied magnetic field. For example, zigzag spin chain, where geometrical frustration originates from antiferromagnetic first-and secondneighbor interactions, is known as a typical quantum spin system exhibiting a gapped-to-gapless transition induced by magnetic field at zero temperature [5] .
Though such ground-state properties have extensively studied, dynamical behaviors in a magnetic field have not been clarified fully because of theoretical difficulty due to strong quantum fluctuations. In particular, dynamical properties in the quantized state of magnetization called magnetization plateau (MP) state mostly remains unclear so far, despite possible emergence of novel elementary excitations due to spontaneous symmetry breaking. In fact, recent studies on a weakly-coupled spin-ladder compound have reported a Higgs mode due to spontaneously broken symmetries [6] [7] [8] . Furthermore, these dynamical behaviors are crucial for understanding spin/heat transport, which is applicable to spintronics devices [9, 10] .
In this paper, we focus on magnetic excitations in a frustrated spin ladder (FSL), where antiferromagnetic in-teractions are assigned to the first-and second-neighbor bonds in a leg and the first-neighbor bond in a rung. This model exhibits three MPs at normalized finite magnetization m ≡ M/M sat = 1/3, 1/2, and 2/3 with saturation magnetization M sat [11, 12] . Interestingly, all of these MPs are induced by spontaneously breaking of translational symmetry, so that the MPs exhibit extended magnetic unit cells that are different from the original unit cell of this model. In addition, this model is regarded as an effective spin model to reproduce magnetic behaviors in real materials BiCu 2 PO 6 [13] [14] [15] [16] and Li 2 Cu 2 O(SO 4 ) 2 [17] [18] [19] [20] . Actually in BiCu 2 PO 6 , external field dependences [21] [22] [23] [24] , dynamical properties [25, 26] , and thermal conductivity [27] [28] [29] observed experimentally have been theoretically explained in the FSL model [30] [31] [32] , though additional terms such as Dzyaloshinskii-Moriya interaction are required to obtain a quantitative coincidence [33, 34] . Therefore, the FSL model deserves to be investigated in terms of the relation between low-energy excitations and spontaneously broken symmetries of MP phases. DSSF The preceding studies on the MP states [11, 12] have presented equivalence of two different models, the FSL in the strong rung limit and an anisotropic frustrated spin chain (AFSC). According to these studies, the m = 1/3, 1/2, and 2/3 MP states in the FSL correspond to m ′ = −1/3, 0, and 1/3 MP states in the AFSC, respectively. Since the m ′ = −1/3 and m ′ = 1/3 MP states in the AFSC are connected with each other via a spin-flip pair, the corresponding m = 1/3 MP and m = 2/3 states in the FSL should have a common origin. Therefore, the dynamics of the m = 1/3 MP state is expected to be equivalent to that of the m = 2/3 MP state, while the m = 1/2 MP state can show qualitatively-different dynamics.
We perform numerical calculations of dynamical spin structure factor (DSSF) by using the dynamical density-matrix renormalization group (DDMRG) method [35] [36] [37] [38] to clarify the difference of dynamics in the m = 1/3, 1/2, and 2/3 MP states for the FSL in the strong-rung limit. The dynamical behaviors of the m ′ = 0 and 1/3 MP states in the AFSC are also examined as compared with the dynamics of the FSL. The AFSC is useful for intuitive understanding of dynamical properties because of its simplicity. Moreover, a perturbative clusterization approach imposing spontaneously breaking of translational symmetry is used to obtain intuitive physical pictures of spin dynamics.
The contents of this paper are as follows. In Sec. II, we introduce the model Hamiltonians of the FSL and the AFSC. The equivalence of the two different models is briefly reviewed with a projection operator to low-lying states in the strong rung limit of the FSL. We also introduce the DSSFs and model parameters for calculation. In Sec. III, the DSSFs obtained by the DDMRG are shown for three MP states in the FSL and two MP states in the AFSC. Section IV is used to give qualitative explanation of characteristic structures in the DSSFs and intuitive physical picture of spin dynamics. For this sake, we introduce a perturbative clusterization approach imposing spontaneously breaking of translational symmetry. Finally, we summarize our results in Sec. V.
II. MODEL AND METHOD
In this section, we introduce two model Hamiltonians: the FSL and its corresponding model in the strong rung limit, the AFSC. Additionally, the DSSFs that we calculate to investigate dynamical properties are defined.
A. Frustrated spin ladder (FSL)
The Hamiltonian of the FSL is defined as
with
where S i,1 (S i,2 ) is the S = 1/2 spin operator on ith rung in the upper (lower) chain. Exchange energies of the firstneighbor bond in a leg, the second-neighbor bond in a leg, and the first-neighbor bond in a rung, are denoted by J 1 , J 2 , and J ⊥ , respectively. The magnitude of magnetic field is represented by H. In this paper, we focus on the strong rung region of the FSL, because three MPs at m = 1/3, 1/2, and 2/3 become robust in this limit. Moreover, this limit enables us to map the FSL to the AFSC, which is used to obtain an intuitive picture of dynamical behaviors.
B. The effective model of an FSL: AFSC
The Hamiltonian of AFSC is given by the bondoperator (quasi-spin) transformation [11, 12, 39, 40] . To obtain the AFSC Hamiltonian with quasi-spin operators, we use the basis of singlet and triplet states on ith rung:
For simplicity, we call |t α i (α = +, 0, −) state "α triplet" in the following. The Hamiltonian H (1) is rewritten by these bases.
In the strong rung limit, leg interactions in H (3) are regarded as perturbative terms. For H = 0, magnetization M jumps from zero to saturation magnetization M sat at critical magnetic field H c = J ⊥ . Finite contributions from H change the magnetization jump into a continuous curve including plateaux around the critical field. The range of field, ∆H, for partially-magnetized states approximately equals to ∆H ∼ J . In this field region, the 0 and − triplets are much higher in energy than the + triplet. Therefore, we can ignore the 0 and − triplets, and thus obtain a low-energy effective Hamiltonian. To abandon the high-energy triplets, we introduce the projection operator P = i (|s i s| i + |t + i t + | i ). The effective Hamiltonian is given by
where spin-1/2 quasi-spin operators at site i are denoted by T i given by
The effective Hamiltonian (9) describes AFSC. Note that the z component of quasi spin is given by T z i = |t + i t + | i − 1/2. This leads to the relation that a normalized magnetization m ′ ≡ M ′ /M ′ sat = 2m − 1, M ′ (M ′ sat ) being magnetization (saturation magnetization) in the quasi-spin system. For example, m = 1/3, 1/2, and 2/3 in the FSL correspond to m ′ = −1/3, 0, and 1/3 in the AFSC, respectively.
C. Dynamical spin structure factor (DSSF)
To investigate magnetic excitations of the FSL, we calculate the DSSF defined by
where |ψ 0 is the ground state, E 0 is the ground-state energy, and γ is an infinitesimal value. The Fourier component S ± q under the open boundary condition is given by
where S ± i,j = S x i,j ± iS y i,j and the wave number of the leg (rung) direction is given by q x = π N +1 n (q y = 0, π) with n = 1, 2, · · · , N , N being the total number of rung along the leg direction.
Similarly, the DSSF for AFSC denoted by T ± (q, ω) is given by substituting the quasi-spin operator T ± q and H ′ for S ± q and H, respectively, in Eq. (10). Here,
i sin(qi)T ± i and q = π N +1 n with n = 1, 2, · · · , N , N being the total number of site in the chain.
To obtain the DSSF numerically, we use the DDMRG method [36, 37] . This method requires three target states, |ψ 0 , S ± q |ψ 0 and
q |ψ 0 is obtained by kernel-polynomial expansion method [38] . In this method, a Gaussian broadening with a width σ is introduced instead of Lorentzian broadening in Eq. (10).
III. RESULT
S ± q in Eq. (11) has two modes, q y = 0 and q y = π, with respect to rung parity. These two modes in Eq. (12) are rewritten by using the singlet and triplet bases;
Since the 0 triplet |t 0 i in plateau regions is much higher in energy than the singlet |s i in the strong rung limit, only the q y = π mode is enough to describe elementary excitations in the low-energy region. We thus discuss only the q y = π mode in this paper, and abbreviate S ± (q x , q y = π, ω) for FSL to S ± (q x , ω) hereafter.
In our calculations, we use the following parameters: . A broad but intensive peak centered at ω/J ⊥ = 0.08 is seen at q x = π/2. Its peak width is wider than the Gaussian width σ, indicating intrinsic broadening of the peak. We consider that this peak originates from a dimerized ground state in the m = 1/2 MP phase, which breaks the translational symmetry spontaneously [11] and causes a doubled period of lattice. A broad but dispersive structure extends above q x = π/2 with minimum-energy excitations around q x = 2π/3. This structure is regarded as a manifestation of fractionalized excitation with strong quantum fluctuation. In fact, the ground state of the m = 1/2 MP in the FSL corresponds to the dimer state of m ′ = 0 MP in the AFSC and thus we can interpret the broad excitation as multi spinons in the AFSC [41] . To confirm this interpretation, we calculate the DSSF of AFSC T + (q, ω) in the m ′ = 0 MP phase [see Fig. 1 
As compared with Fig. 1(a) , we find similar structures in Fig. 1(b) : a broad excitation with minimum energy excitations around q x = 2π/3 and an intensive peak at q x = π/2. Therefore, we conclude that low-energy excitations are due to multi quasi-spinon excitations including the intensive peak caused by the doubled period of lattice.
The S − (q x , ω) in the m = 1/3 MP phase and S + (q x , ω) in the m = 2/3 MP phase are shown in Figs. 2(a) and 2(b), respectively. These two spectra show a similar behavior with a dispersive feature with zero-energy excitation at q x = 2π/3, indicating a period with three times of the original unit-cell length in the real space. This similarity is actually expected from the fact that both the m = 1/3 and m = 2/3 MPs can be associated with the array of quasi-spinons and share a common origin each other [11] . Since the m = 2/3 MP corresponds to the m ′ = 1/3 MP, the DSSF of ASFC, T + (q, ω), in the m ′ = 1/3 MP phase also shows a similar dispersive feature with zero-energy excitation at q x = 2π/3 as shown in Fig. 2(c) . Based on the similarity, we may construct an intuitive view of spin dynamics via full examination of T + (q, ω) in the m ′ = 1/3 MP phase. We will discuss this view in Sec. IV using a clusterization approach. To understand the origin of the spectra, we will introduce a clusterization approach for T − (q, ω) in Sec. IV.
IV. DISCUSSION
Our purpose in this section is to give an intuitive physical view of elementary excitations in the m = 1/3 and 2/3 MP phases using an analytical approach. The following discussion is based on spontaneous translational symmetry breaking in the MP phases, where the magnetic unit cell is larger than the original unit cell. In such a case, quantum entanglement between the magnetic unit cells is expected to be suppressed because of the enlargement of unit cell. Therefore, effective interactions between the enlarged unit cells can be approximated to a semi-classical one [see Appendix B]. If the interactions are totally classical, the ground state is given by the direct product of local quantum states, which are obtained by exact diagonalization of local Hamiltonian in the enlarged unit cell. Such a local quantum state contributing to the ground state should be one of low-lying states in the local Hamiltonian. Otherwise, the inter-cell interactions will become larger than intra-cell interaction, contradicting with localized mature of spins in the magnetic unit cell. Even in the case of semi-classical interactions where the ground state becomes a superposition of the direct product of local states, the local states contributing to the ground state should be low-lying states. Based on this reasoning, we restrict the Hilbert space of the enlarged unit cell to several low-lying states obtained by exact diagonalization of local Hamiltonian. Moreover, the interactions between the enlarged unit cells are projected onto the restricted Hilbert space. We call this approach a clusterization based on spontaneously broken symmetry (CBSBS).
In the following, we apply the CBSBS to the m ′ = 1/3 MP phase in the AFSC, because magnetic excitations in the m = 1/3 and 2/3 MP phases of FSL are qualitatively similar to the T ± excitations in the m ′ = 1/3 MP phase of AFSC (see Sec. III). The magnetic unit cell is enlarged three times as long as the original one due to spontaneous translational symmetry breaking. Therefore, we use the following Hamiltonian instead of Eq. (9):
where the ηth neighbor two-spin (dimer) interaction is
corresponds to the intra (inter) cluster Hamiltonian denoted by the red (blue) lines in Fig. 4(a) . We introduce the coupling strength λ to control the inter-cluster interactions. We note that Eq. (15) with λ = 1 is equivalent to Eq. (9).
A. Eigenstates of magnetic unit cell
Since the Hamiltonian (16) does not include the interaction between the clusters, we can diagonalize it in each cluster. The resulting eigenstates |χ ± (χ = α, β, γ, and δ) are shown in Table I with The eigenenergy ǫ χ ± is given by
|χ + and |χ − correspond to a Kramers doublet due to the time-reversal symmetry when H ′ = 0. With applying magnetic field, every Kramers doublet splits off and degeneracy lifts [see Fig. 4(b) ]. If interactions between the magnetic unit cells are completely classical and weaker than H ′ c , the ground state under the classical limit of inter-cluster interactions is given by the direct product of β + for J 2 /J 1 = 0.65 as expected from Fig. 4(b) . We note that the product state describes the m ′ = 1/3 MP phase. In the following, we use this ground state as an approximated m ′ = 1/3 MP state, i.e. |1/3 ≡ l |β + l where l denotes the cluster number.
In order to obtain dispersion relations of T ± excitations, we use a semi-classical approximation of intercluster interactions in subsequent subsections, where lowlying states in the cluster are taken into account in addition to the ground state.
B. T + excitation
To understand the T + excitation in the m ′ = 1/3 MP phase of AFSC, we consider the fully spin-polarized |α + state as a low-lying state in the cluster, because T + increases magnetization from the ground state |1/3 . There are, of course, higher-order processes including other excited states, e.g., a mixed state of two |α + and one |β − in three magnetic unit cells, but such processes can be ignored because only two states, |α + and |β + , contribute to low-energy excitations around the Fig. 4(b) ]. Therefore, we use the projection to these two states,
In the projected Hamiltonian, there is the constraint that |α + l α + | l + |β + l β + | l = 1. The operators τ † l = |α + l β + | l , τ l = |β + l α + | l , and n l = |α + l α + | l correspond to a hardcore bosonic creation, annihilation, and number operators, respectively. Thus, by using these operators with λ = 1, the projected Hamiltonian H ′′ + = Q + H ′ Q + except for the constant term is given by
If we define the Fourier transform of one-particle excited state as
this state is an eigenstate of the projected Hamiltonian H ′′ + with dispersion energy
This eigenstate represents one-particle (hard-core boson) excited state obtained by the creation and annihilation operators, τ † and τ . Analyzing the T + excitation in the m ′ = 1/3 MP phase of AFSC, we use the relation K = 3q x because the periodicity of AFSC is three times as long as that of the projected model (22) . The white line in Fig. 2(c) exhibits the dispersion relation ǫ ′′ K including the constant energy in Eq. (27) . The result reproduces well the dispersion relation of peak structure in the DSSF of AFSC. This hard-core bosonic excitation is a collective mode of threespin clusters (trimer), and thus we call it trimeron in this paper. Furthermore, as explained in Sec. III B, T + (q, ω) in the m ′ = 1/3 MP phase is qualitatively equivalent to S − (q x , ω) in the m = 1/3 MP phase and S + (q x , ω) in the m = 2/3 MP phase of the FSL. We thus conclude that the origin of these DSSFs of FSL is the trimeron, that is, one-particle excitation of hard-core boson based on three-spin clusters.
C. T − excitation
The T − excitation in the m ′ = 1/3 MP phase of AFSC is more difficult to understand than the T + excitation, because we have to take several states into account as low-lying states of the cluster. However, our purpose in this section is to give an intuitive physical picture to explain the DSSF in Fig. 3(c) . Hence, quantitative reproduction is not necessary. Here, we discuss the excitation through the CBSBS similar to the T + excitation. We consider three excited states |β − , |γ − , and |δ − as lowlying excited states of the cluster. If interactions between clusters do not exist, the DSSF shows local excitations corresponding to |β − , |γ − , and |δ − , which induce three flat bands. With adding the interactions as perturbation, the three bands become dispersive, indicating three modes of hard-core bosonic one-particle excitation (three trimerons) [see Fig. 5(a) ]. When the energy scale of interactions is larger than energy gaps between three excited states, theses modes are hybridized and split off. Figure 5 shows the λ dependence of T − (q, ω) in the effective model (15) for the m ′ = 1/3 MP phase of AFSC. Note that Fig. 5(c) (the case of λ = 1) is the same as Fig. 3(c) . In Fig. 5 we also plots dispersion relations of three modes, |β − , |γ − , and |δ − , which is obtained from the projected Hamiltonian H ′′ − = Q − H ′ Q − with Q − = l |β + l β + | l + χ=β,γ,δ |χ − l χ − | l but neglecting hybridization among the three modes for simplicity. From Fig. 5(c) , we can easily imagine that, if we introduce hybridization effect, the β − and γ − modes would be repulsively separated more around q = 2π/3 and the γ − -originated mode would construct the lowest-energy excitations around q = 2π/3 that are seen in T − (q, ω). This speculation based on hybridized trimerons will explain the change of spectral distribution form λ = 1 to λ = 0.5, where the splitting of spectral weight around q = 2π/3 disappears with decreasing λ, because of the reduction of inter-cluster interactions controlling hybridization of trimerons.
Based on these considerations in this subsection and Sec. IV B, we conclude that S + (q x , ω) in the m = 1/3 MP phase and S − (q x , ω) in the m = 2/3 MP phase of the FSL originate from the hybridized trimerons.
V. SUMMARY
In this paper, we have studied magnetic excitations in the MP phases of the FSL, where the three types of antiferromagnetic interactions, J 1 , J 2 and J ⊥ , are taken into account as a leg nearest-neighbor, a leg second-neighbor, and a rung nearest-neighbor couplings of a two-leg ladder, respectively. This model exhibits three MPs at fractionalized finite magnetization m = M/M sat = 1/3, 1/2, and 2/3 with respect to saturation magnetization M sat . These MPs emerge robustly in the strong rung limit. Moreover, this condition allows us to map the model Hamiltonian into another quasi-spin model AFSC, by ignoring high-energy states in a rung. To obtain the intuitive physical picture of spin dynamics through the mapping to the AFSC, we have focused on the strong rung range.
We first have obtained magnetic excitations of the FSL by calculating DSSFs using DDMRG method. We have found that magnetic excitations in the MP phase are commensurate to the enlarged unit cell of the MP ground state. For the sake of comparison, we have also calculated DSSFs in the AFSC of quasi-spins, and have confirmed that the AFSC reproduces low-energy excitations of the FSL qualitatively. The m = 1/3, 1/2, and 2/3 MP states in the FSL correspond to the m ′ = −1/3, 0, and 1/3 MP states in the AFSC, respectively. The zeromagnetization ground state of the AFSC is well known as the dimerized state, so that elementary excitations are regarded as bound spinons. Therefore, we conclude that low-energy magnetic excitations of the FSL correspond to bound quasi-spinons based on the singlet and + triplet states of rung.
To clarify the S + (S − ) excitation in the m = 2/3 (1/3) MP state, we have additionally analyzed spin dynamics through the CBSBS in the AFSC. In the CBSBS, one cluster corresponds to an enlarged unit cell after spontaneously breaking of translational symmetry, and intercluster interactions are treated as perturbative effects as compared with the intra-cluster interaction. We have found a new quasi-particle mode as a hard-core bosonic excitation in the m = 1/3 MP state of the AFSC, which we call trimeron because it is a collective mode of spin trimers. This trimeron picture is common to the S + (S − ) excitation in the m = 2/3 (1/3) MP state of the FSL. On the other hand, the S − (S + ) excitation in the m = 2/3 (1/3) MP state is not well described as single trimeron mode. We have thus examined the intra-cluster interaction dependence of the DSSF. The obtained re- sult indicates that inter-mode coupling enhanced by the inter-cluster interactions is crucial even for low-energy excitation. Actually, we have confirmed that two low-lying modes are hybridized in the excitation spectra with increasing the inter-cluster interactions, which are regarded as a hybridized trimerons. Consequently, we conclude that the S − (S + ) excitation in the m = 2/3 (1/3) MP state corresponds to the hybridized trimerons of quasispins. Our results will be useful for understanding the lowenergy physics in not only FSL materials such as BiCu 2 PO 6 [13] [14] [15] [16] and Li 2 Cu 2 O(SO 4 ) 2 [17] [18] [19] [20] but also weakly-coupled spin dimer compounds [43] [44] [45] , where magnetic excitations originating from the new quasiparticle can be clarified by inelastic neutron scattering experiments in a magnetic field. In such materials, spin dynamics we have clarified is also important for understanding the spin/heat transport [27] [28] [29] including their application to spintronics [9, 10] . Furthermore, the CB-SBS is also useful for the analyses of low-energy excitations in MPs of various spin systems. We expect that new quasi-particles N -merons will be discovered as elementary excitations in the MPs, where the enlarged unit cell includes N original cells after spontaneously breaking of translational symmetry.
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Appendix A: MAGNETIZATION CURVE
The DDMRG method usually requires numerous calculation resources as compared with the DMRG method for the ground state. As a consequence, the system size for DDMRG is smaller than that for DMRG. In this paper, the system size of the FSL is set to be 48 rungs for DDMRG, in contrast to the system with 72 rungs [11] and 144 rungs [12] for DMRG. Small system size prevents us from clear three MPs, but we have managed to find them with an appropriate parameter set by calculating magnetization curve in the 48-rung FSL with the DMRG method. Figure 6 (a) shows magnetization curves with J 1 /J ⊥ = 0.2 and J 2 /J 1 = 0.65 in the 48-rung FSL. Here, by using the Heaviside step function θ(H), magnetization curve is given by
and the magnetic field where the ground states with two different magnetizations M and M + 1 are degenerate is obtained by H M,M+1 ≡ E M+1 − E M with the ground state energies E M and E M+1 calculated by the DMRG method. To confirm the presence of three MPs, we check the field width ∆H(M ) = E M+1 − E M at magnetization M [see Fig. 6(b) ]. If the ground state with M is gapless with respect to S + excitation, the field width converges to zero in the thermodynamical limit. In Fig. 6(b) , we can see three jumps at m = 1/3, 1/2, and 2/3, indicat- ing the presence of three MPs. Therefore, we use this parameter set to calculate the DSSFs in this paper. 
MP PHASE OF ASFC
In Sec. IV, we use the CBSBS to explain the DSSFs in the m ′ = 1/3 MP phase. Although large energy gaps with m = 1/3 and 2/3 are confirmed even in the 48rung FSL, it is unclear whether spin configuration shows symmetry breaking with three times enlarged unit cell in the 48-site AFSC. To confirm the enlarged magnetic unit cell in the ASFC, we calculate the expectation value of z component of quasi-spin T z i in the m ′ = 1/3 MP phase as shown in Fig. 7 . The period is found to be three times as long as the original unit cell. Moreover, the expectation values are approximately equivalent to m 1 = β + |T z 1 |β + = β + |T z 3 |β + and m 2 = β + |T z 2 |β + , which are estimated in the ground state in one-cluster (three quasi-spins) Hamiltonian. This result also supports the CBSBS approach. The red broken lines denote m1 = β + |T z 1 |β + = β + |T z 3 |β + and m2 = β + |T z 2 |β + . The β + state is the ground state in one-cluster (three quasispins) Hamiltonian (see Table I ).
